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We study two superluminal neutrino scenarios where δv ≡ (v−c)/c is a constant. To be consistent
with the OPERA, Borexino, and ICARUS experiments and with the SN1987a observations, we
assume that δvν on the Earth is about three order larger than that on the interstellar scale. To
explain the theoretical challenges from the Bremsstrahlung effects and pion decays, we consider
the deformed Lorentz invariance, and show that the superluminal neutrino dispersion relations
can be realized properly while the modifications to the dispersion relations of the other Standard
Model particles can be negligible. In addition, we propose the deformed energy and momentum
conservation laws for a generic physical process. In Scenario I the momentum conservation law is
preserved while the energy conservation law is deformed. In Scenario II the energy conservation
law is preserved while the momentum conservation law is deformed. We present the energy and
momentum conservation laws in terms of neutrino momentum in Scenario I and in terms of neutrino
energy in Scenario II. In such formats, the energy and momentum conservation laws are exactly the
same as those in the traditional quantum field theory with Lorentz symmetry. Thus, all the above
theoretical challenges can be automatically solved. We show explicitly that the Bremsstrahlung
processes are forbidden and there is no problem for pion decays.
PACS numbers: 11.10.Kk, 11.25.Mj, 11.25.-w, 12.60.Jv
Introduction – Recently, the OPERA, Borexino, and
ICARUS experiments have measured the muon neutrino
(νµ) velocities with high accuracy through the measure-
ment of the flight time and the distance (730 km) between
the source of the CNGS neutrino beam at CERN (CERN
Neutrino beam to Gran Sasso) and their detectors at the
underground Gran Sasso Laboratory (LNGS) [1–3]. At
the OPERA experiment [1], the arrival time of CNGS
muon neutrinos with respect to the one for a particle
moving at the speed of light in vacuum is
δt =
(
6.5± 7.4 (stat.)+8.3−8.0(sys.)
)
ns . (1)
Thus, we obtain a relative difference of the muon neutrino
velocity with respect to the speed of light
δvν ≡
vν − c
c
=
(
2.7± 3.1 (stat.)+3.4−3.3 (sys.)
)
× 10−6 , (2)
The dependence of δt on the neutrino energy was inves-
tigated as well yielding a null effect. At the Borexino
experiment [2], we have
δt = (0.8± 0.7 (stat.)± 2.9(sys.)) ns , (3)
which is well consistent with zero. At 90% Confidence
Level (C.L.), we get
δvν < 2.1× 10
−6 . (4)
Morever, at the ICARUS experiment [3], we have
δt = (0.18± 0.69 (stat.)± 2.17(sys.)) ns , (5)
which is also well consistent with zero. At 95% C.L., we
get
δvν < 1.6× 10
−6 . (6)
To be concrete, we would like to summarize these ex-
perimental results: (1) all the central values for δt are
non-zero and positive [1–3].; (2) δvν around 10
−6 is still
consistent with all the experiments [1–3].; (3) there is
no energy denpendence for muon neutrino velocity [1].
Therefore, in this Letter we would like to study the pos-
sible superluminal neutrinos with δvν around 10
−6 which
have no energy dependence. From the theoretical point
of view, many groups have already studied the possibility
of superluminal neutrinos [4–38].
The major challenges to the superluminal neutrino re-
sults are the following: (1) Bremsstrahlung effects [15].
The superluminal muon neutrinos with δvν given in
Eq. (2) would lose energy rapidly via Cherenkov-like pro-
cesses on their ways from CERN to LNGS, and the most
important process is νµ → νµ + e
+ + e−. Thus, the ex-
periment can not observe the muon neutrinos with en-
ergy in excess of 12.5 GeV [15]; Considering such ef-
fects, the ICARUS experiment has set a tigh limit δvν <
21.25×10−8 at 90% C.L. [39]. (2) Pion decays [16, 19, 22].
The superluminal muon neutrinos with δvν in Eq. (2)
can not have energy larger than about 5 GeV from pion
decay process, π+ → µ+νµ and µ → νµ + e + ν¯e [19].
Several solutions to these challenges have been proposed
as well [24, 28, 34–38].
It is well known that the traditional Lorentz invari-
ance can be superseded by two approaches. In the
first approach, there exists a preferred frame of refer-
ence for Lorentz symmetry breaking [40–42]. In the
second approach, the Lorentz invariance is deformed so
that the principle of relativity of intertial frames is pre-
served, while the Lorentz transformations, the energy-
momentum relations, and the energy-momentum conser-
vation laws are deformed [43–47]. The above theoretical
challenges are valid in the first approach. Interestingly,
the Bremsstrahlung processes may be forbidden and the
pion decays may not be a problem if the Lorentz sym-
metry is deformed [24]. However, the studied model can
not be consistent with the OPERA results obviously since
δvν is proportional to the neutrino energy square [24].
In this paper, we study the constant δvν around
10−6 in two scenarios. To be consistent with the
OPERA, Borexino, and ICARUS experiments and with
the SN1987a observations [48–50], we assume that δvν
is about 10−6 on the Earth and is smaller than about
2 × 10−9 on the interstellar scale, as suggested in the
background dependent Lorentz violation proposals [8, 14,
18, 23]. To explain the above theoretical challenges, we
consider the deformed Lorentz invariance, and show that
the superluminal neutrino dispersion relations can be re-
alized properly while the modifications to the dispersion
relations of the other Standard Model (SM) particles can
be very tiny and negligible. Moreover, we propose the
deformed energy and momentum conservation laws for a
generic physical process. In Scenario I the momentum
conservation law is preserved while the energy conserva-
tion law is deformed. In Scenario II the energy conserva-
tion law is preserved while the momentum conservation
law is deformed. We present the energy and momentum
conservation laws in terms of neutrino momentum in Sce-
nario I and in terms of neutrino energy in Scenario II.
In such formats, the energy and momentum conservation
laws are exactly the same as those in the traditional quan-
tum field theory with Lorentz symmetry. Thus, all the
above theoretical challenges can be automatically solved.
To be concrete, we show that the Bremsstrahlung pro-
cesses are forbidden and the pion decays are not a prob-
lem.
The Superluminal Neutrinos from Deformed
Lorentz Invariance – Considering the effective field
theory or string theory, we can parametrize the generic
δvν for a neutrino as follows
δvν = −
m2ν
2P 2ν
+
∑
n≥0
an
Pnν
Mn∗
, (7)
where mν and Pν ≡ |~Pν | are respectively the neutrino
mass and momentum, an are the coefficients, and M∗ is
the effective normalization scale. Note that the OPERA
results have weak energy dependence, we can only con-
sider the a0 term and a1 term. The other terms must
be very small if they are not vanish. The pure a1 term
can not be obtained in the Lorentz violation theory with
CPT symmetry [40–42]. Interestingly, in the Type IIB
string theory, we can obtain this term naturally by cal-
culating the four-point function [23, 51]. Especially, all
the theoretical challenges can be solved in such string
scenario [28]. Thus, in this Letter we will concentrate on
the a0 term, i.e., the constant δvν , as suggested by the
OPERA experiment.
With the deformed Lorentz invariance, we can
parametrize the generic dispersion relation for the SM
particles as follows
E2A = ~P
2
A +m
2
A + ξ
A
P
~P 2A + ξ
A
PEPAEA + ξ
A
EE
2
A , (8)
where EA, ~PA and mA are respectively the energy, mo-
mentum and mass for a SM particle A, and ξAP , ξ
A
PE , and
ξAE are coefficients. Because the SM particle masses are
invariant under the deformed Lorentz transformations,
ξAP , ξ
A
PE , and ξ
A
E are universal functions of mA for all
the SM particles, i.e., ξAP ≡ ξP (mA), ξ
A
PE ≡ ξPE(mA),
and ξAE ≡ ξE(mA). From the effective field theory with
CPT symmetry, we can obtain the ξAP
~P 2A or ξ
A
EE
2
A term
independently [7, 40–42]. If the ξAPEEAPA term exists, it
must come from the interference term. After redefining
the kinetic terms and mass terms for the SM particles,
we can have either the ξAP
~P 2A term or the ξ
A
EE
2
A term.
Thus, we shall study two scenarios: Scenario I with only
the ξAP
~P 2ν term and Scenario II with only the ξ
A
EE
2
ν term.
First, we consider the Scenario I where δvν = ξ
ν
P /2.
For simplicity, we choose
ξAP = αP
m2AM
2
IR
m4A +M
4
IR
, (9)
where αP is a coefficient, and MIR is the infrared (IR)
scale and will be assumed to be the cosmological constant
scale. Choosing mν = 0.05 eV, ξ
ν
P = 1.0 × 10
−6, and
MIR = 2.3 × 10
−3 eV, we get αP = 4.73 × 10
−4. Note
that the electron mass is 0.511 MeV, we have ξeP = 9.57×
10−21. It is easy to show that ξAP for all the rest SM
particles are smaller than ξeP . Thus, the modifications
to the dispersion relations of the SM particles except the
neutrinos are very tiny and can be neglected.
The neutrino dispersion relation is required to be in-
variant under the deformed boost generators Nνi
[Nνi , E
2
ν −
~P 2ν − ξ
ν
P
~P 2ν ] = 0 . (10)
And the Einstein special relativity should be realized at
the ξAP = 0 limit. Thus, we obtain
[Nνi , Eν ] = β1(Pν)i , [N
ν
i , (Pν)j ] =
1
β1
Eνδij , (11)
3where β1 =
√
1 + ξνP .
Let us consider a generic physical process: the initial
states include n neutrinos and n′ other SM particles, and
the final states includem neutrinos andm′ other SM par-
ticles. We obtain the momentum and energy conserva-
tion laws which are invariant under the deformed Lorentz
symmetry
n∑
k=1
~P iνk +
n′∑
k=1
~P ik =
m∑
k=1
~P fνk +
m′∑
k=1
~P fk , (12)
1
β1
n∑
k=1
Eiνk +
n′∑
k=1
Eik =
1
β1
m∑
k=1
Efνk +
m′∑
k=1
Efk , (13)
where Pk and Ek are respectively the momentum and
energy for the other SM particles, and the upper indices
i and f denote the initial state and final state, respec-
tively. Interestingly, the momentum conservation law is
preserved as well. Note that the neutrino masses are tiny
and can be neglected, we get Eν = β1Pν . Thus, the en-
ergy conservation law can be rewritten as follows
n∑
k=1
P iνk +
n′∑
k=1
Eik =
m∑
k=1
P fνk +
m′∑
k=1
Efk . (14)
Therefore, the momentum conservation law in Eq. (12)
and energy conservation law in Eq. (14) are the same
as those in the traditional quantume field theory with
Lorentz symmetry. And then all the theoretical chal-
lenges can be solved naturally.
Second, we consider the Scenario II where δvν = ξ
ν
E/2.
Similar to the Scenario I, we choose
ξAE = αE
m2AM
2
IR
m4A +M
4
IR
, (15)
where αE = 4.73 × 10
−4. Thus, the modifications to
the dispersion relations of the SM particles except the
neutrinos are very tiny and can be neglected.
The neutrino dispersion relation is required to be in-
variant under the deformed boost generators
[Nνi , E
2
ν − ~P
2
ν − ξ
ν
EE
2
ν ] = 0 . (16)
Thus, we obtain
[Nνi , Eν ] =
1
β2
(Pν)i , [N
ν
i , (Pν)j ] = β2Eνδij , (17)
where β2 =
√
1− ξνE .
For the generic physical process given in Scenario I,
we obtain the momentum and energy conservation laws
which are invariant under the deformed Lorentz symme-
try
1
β2
n∑
k=1
~P iνk +
n′∑
k=1
~P ik =
1
β2
m∑
k=1
~P fνk +
m′∑
k=1
~P fk , (18)
n∑
k=1
Eiνk +
n′∑
k=1
Eik =
m∑
k=1
Efνk +
m′∑
k=1
Efk . (19)
Interestingly, the energy conservation law is preserved as
well. Note that the neutrino masses are tiny and can be
neglected, we have Pν = β2Eν . Thus, the momentum
conservation law can be rewritten as follows
n∑
k=1
Eiνk~r
i
νk +
n′∑
k=1
~P ik =
m∑
k=1
Efνk~r
f
νk +
m′∑
k=1
~P fk , (20)
where
~r iνk ≡
~P iνk
P iνk
, ~r fνk ≡
~P fνk
P fνk
. (21)
Therefore, the momentum conservation law in Eq. (20)
and energy conservation law in Eq. (19) are the same
as those in the traditional quantume field theory with
Lorentz symmetry. And then all the theoretical chal-
lenges can be solved naturally.
Theoretical Challenges – We will consider the the-
oretical challenges, and prove that the Bremsstrahlung
processes [15] are forbidden and there is no problem for
pion decays [16, 19, 22].
First, let us consider the Bremsstrahlung effects. As
an simple example, we show that the most important
process νµ → νµ + e
+ + e− is forbidden in Scenario I.
From the generic energy-momentum conservation laws
in Eqs. (12) and (14), we have
~P iν = ~P
f
νk +
~P f
e+
+ ~P f
e−
, (22)
P iν = P
f
ν + E
f
e+
+ Ef
e−
. (23)
Let us suppose that this process is not forbidden. As
we know, the electron and positron masses are about
0.511 MeV, and the neutrino masses are around 0.05 eV.
From Eq. (22) we obtain
(~P iν − ~P
f
νk)
2 = (~P f
e+
+ ~P f
e−
)2 < (Ef
e+
+ Ef
e−
)2 , (24)
where the above inequality is achieved by considering the
electron and positron masses. Using Eq. (23), we obtain
(~P iν − ~P
f
νk)
2 < (P iν − P
f
ν )
2 . (25)
This inequality can not be satisfied obviously, thus, the
process νµ → νµ + e
+ + e− is indeed forbidden.
Second, let us consider the pion decays via the process
π+ → µ+ + νµ. Similar to the Refs. [16, 19, 22], we
consider the neutrino dispersion relation in Scenario I. In
Refs. [16, 19], using the preferred frame of reference, the
authors obtained their results by assuming the following
threshold condition
mpi ≥ mµ +
√
ξνPPν . (26)
However, this threshold condition is not valid in the de-
formed Lorentz invariance.
4In addition, in Ref. [22], the authors obtained their
results by assuming the following energy and momentum
conservation laws
~Ppi = ~Pµ + ~Pν , Epi = Eµ +
√
1 + ξνPPν . (27)
However, such laws are obviously different from the
generic energy and momentum conservation laws in
Eqs. (12) and (14) for the deformed Lorentz invariance.
In particular, the conservation laws in Eqs. (12) and (14)
have no ξνP dependence, thus, we do not have the severe
difficulties with the kinematics of the pion decays.
Conclusion – We studied two superluminal neutrino
scenarios where δv is a constant. To be consistent with
the OPERA, Borexino, and ICARUS experiments and
with the SN1987a observations, we assumed that δvν on
the Earth is much larger than that on the interstellar
scale. To explain the theoretical challenges, we consid-
ered the deformed Lorentz invariance, and showed that
the superluminal neutrino dispersion relations can be re-
alized properly while the modifications to the dispersion
relations of the other SM particles can be negligible. In
addition, we proposed the deformed energy and momen-
tum conservation laws for a generic physical process. In
Scenario I the momentum conservation law is preserved
while the energy conservation law is deformed. In Sce-
nario II the energy conservation law is preserved while
the momentum conservation law is deformed. We pre-
sented the energy and momentum conservation laws in
terms of neutrino momentum in Scenario I and in terms
of neutrino energy in Scenario II. In such formats, the
energy and momentum conservation laws are exactly the
same as those in the traditional quantum field theory
with Lorentz symmetry. Thus, all the theoretical chal-
lenges can be automatically solved. To be concrete, we
showed that the Bremsstrahlung processes are forbidden
and the pion decays are not a problem.
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